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Introduction
In a previous paper, we have shown that the Batalin and Vilkovisky (B-V) formalism [1] for the gauge theories of forms coupled to Yang-Mills fields can be formulated in a unifying algebraic framework where the fields and the anti-fields are assembled into dual pairs [2] . We have obtained a powerful algorithm which generates topological actions of the Chern-Simon and Donaldson-Witten type on the basis of vanishing curvature conditions.
In this paper we extend our analysis to conformal theories coupled to 2-D gravity. We show in particular that the ghost system and the Wess and Zumino action of 2-D gravity possess a structure similar to that of a Chern-Simon action and we point out the possibility of introducing new conformal fields specific to 2-D gravity, with an invariant action. This action has a new gauge symmetry which complements the ordinary conformal invariance. Our work uses the Beltrami parametrization which gives a quasi Yang-Mills structure to the gauge invariances of conformal theories and preserves the factorization properties between the holomorphic and anti-holomorphic sectors.
The paper is organized as follows. We first briefly review the description of conformal 2-D gravity with Wess and Zumino terms in the framework of the Beltrami parametrization.
Then we incorporate these results in the Batalin and Vilkovisky quantization scheme and find a duality picture between fields and anti-fields similar to the one we had found in [2] for the theories of forms. All relevant conformal fields and anti-fields, including the new fields suggested by our unification procedure, build up dual pairs and can be assembled as the components of differential forms with a grading equal to the sum of the ghost number and of the ordinary form degree.
2
2-D gravity in the Beltrami parametrization 2 − D gravity has some very interesting algebraic properties when the metric is expressed in terms of the Beltrami differential [3] . Let us briefly recall the known results. The Beltrami parametrization of the metrics in 2-dimensional space means that one expresses the length of a is any given real number. This curvature satisfies the Bianchi identitỹ
The classical field-strength G = G z dz and the BRST transformation of the field L are defined byĜ = G z dz (2.14)
Indeed, the ghost decomposition of this equation is
The last equation can be understood as the definition of the Wess and Zumino field L.
The transformation law of the field strength G = G z dz can be deduced directly from the Bianchi identity satisfied byĜ
The possibility of using L as a Wess and Zumino field follows from the equation
The introduction of the field L has therefore the consequence of rendering trivial, i.e, equal to a sum of s-exact and d-exact terms, all components obtained from the ghost expansion of the closed three-form∆ 3 .
One has in particular
can be thought as a Wess-Zumino Lagrangian density which can counterbalance the conformal anomaly.
Now, it is easy to verify that dzdz e If, furthermore, we introduce a conformal field H z with
is an invariant action.
Putting everything together, we are led to consider the following action
The first term ensures the propagation of L and H z and the second one is a cosmological type interaction. The last term is the ordinary b−c ghost system resulting from the gauge fixing of the Beltrami differential. The terms which would remain for β = 0 are BRST invariant. The contributions of all terms proportional to β are such that their BRST variations reproduce the conformal anomaly. Both coefficients a and α can be set equal to one by field redefinitions and one has the freedom to chose at will the value of the parameter β to compensate for a conformal anomaly, resulting for instance from a coupling to other fields.
The energy-momentum tensor is obtained by differentiating this action with respect to µ z z
Once again, it should be stressed that no reference to the conformal factor of the metrics is necessary in this approach, and that mirror equations exist in the anti-holomorphic sector.
B-V approach to 2-D gravity in the Beltrami parametrization
We will show now that the above action can be naturally interpreted in the B-V formalism.
We will closely follow the ideas introduced in [2] where fields and anti-fields appear in dual combinations, in a way which is consistent with the unification of fields into forms, with a grading equal to the sum of the ghost number (which is a negative integer for the anti-fields) and of the ordinary form degree. In this section we will consider a minimal set of fields which reproduces the results of the previous section. In the next section we will see that new fields and their invariant action can be introduced if one pushes further our principle of unification.
Let us consider the Beltrami differential and ghost generalized one-form that we have already defined in the previous sectionμ
According to [2] , it is natural to combine the anti-fields M −1 zz and M −2 zzz of µ z z and c z into the following generalized zero-form, "dual" toμ ẑ
One must also introduce the anti-fields H z of the Wess and Zumino sector fields L and H z . This leads us to introduce the following generalized zero-form and one-form, "dual"
In the next section, we will show that other field components can occur in the expansion of the forms in eqs. The curvatures of these generalized forms are
These definitions are consistent with Bianchi identities.
The BRST symmetry is then defined by the following constraints on the curvatures
The explicit form of the action of s on all fields and anti-fields is obtained by expanding eqs. This construction of the BRST symmetry is justified by its efficiency and also by the fact that it follows the same pattern as for many other types of gauge symmetries.
Let us denote generically all fields and ghosts by φ and their anti-fields by φ * . We will show that the BRST operation defined in eq. (3.5) is associated to the following B-V action
Indeed, if one defines
and
one can rewrite the action (3.7) as
Then, by using the definition of s given by eq. (3.5) one can verify
The component with ghost number one of this equation gives the wanted result that the B-V action (3.7) is BRST invariant.
Reciprocally, the action (3.7) contains the information about the BRST symmetry, through the B-V equations
quantum field theory propagating fields) are thus the field polynomials which appear in factor of the anti-fields in eq. (3.13). It is then immediate to verify that if one applies the relations 
and by replacing all anti-fields by mean of the constraint φ * = δZ −1 /δφ. As a result, the anti-field M −1 zz is set equal to the usual antighost b zz and all other anti-fields are zero. One eventually recovers the action defined in eq. (2.24).
The s-transformation of the anti-field
From our point of view, this equation explains the fact that the energy-momentum tensor T zz is a Q-commutator in the Hamiltonian formalism [6] .
Apart from technical details, the interesting result of this section is the simplicity of the B-V action defined in eq. (3.10). This action, which contains the whole information about the transformation laws of the field of 2-D gravity including the Wess and Zumino sector, is analogous to a Chern-Simon action. This is not too much a surprise in view of earlier results, where the relevance of the equationμdμ = 0 had been emphasized for building the BRST algebra of conformal models [3] . This relationship is probably related to the topological nature of the ghost and Wess and Zumino sector sector of string theory.
Let us conclude this section by indicating how our formulae permit a straightforward derivation of 2 − D topological gravity equations [7] . Following ref. [2] , one introduces the topological ghosts of 2-D gravity as the components with positive ghost number of a 2-form
The associated anti-fields are then the components of a dual (−1)-form
The transformation laws for the fields and anti-fields which leave invariant this action are defined by the curvature constraintsF
These formulae give the BRST transformation laws of the topological 2-D gravity in the Beltrami parametrization as in ref. [8] . When we have defined the BRST symmetry by imposing constraints on the curvatures of these forms, these restrictions have yield no contradiction because of the identity dµ z − µ z ∂ z µ z = 0.
It is thus quite natural to generalize the field contents by considering instead of eqs. (3.1, 3.2, 3.3) the following general form decompositioñ
Let us look at the components with positive ghost number in these expansions. There are three new classical fields with ghost number zero, namely ν which has conformal weight zero, and M z and H z which have conformal weights one. Then, there is H 1 which has ghost number one, and which represents an additional gauge freedom. 
We have applied the B-V formalism for 2-D gravity with a Wess and Zumino sector. By using the Beltrami parametrization of conformal field theories, we have found the same type of unification between all fields and anti-fields as the one we had previously observed in [2] for the theories of forms coupled to Yang-Mills fields. Moreover, we have shown that the B-V action has a structure quite similar to that of a Chern-Simon action. We have introduced new conformal fields with a conceptually very simple action. In addition to the ordinary conformal invariance, this action has a new gauge symmetry and induces new ghost interactions, with a possible assymmetry between the holomorphic and anti-holomorphic sectors. Its properties and its possible couplings to matter will be studied in a separate publication.
